Let (R, m, k) be a noetherian local ring. It is well-known that R is regular if and only if the injective dimension of k is finite. In this paper it is shown that R is Gorenstein if and only if the Gorenstein injective dimension of k is finite. On the other hand a generalized version of the so-called Bass formula is proved for finitely generated modules of finite Gorenstein injective dimension. It also improves Christensen's generalized Bass formula [4] .
Introduction
The classical homological dimensions are no debt the central homological notions in commutative algebra. The notion of Gorenstein injective dimension of a module has been defined by E. E. Enochs and O. M. G. Jenda [6] in mid nineties. It is a refinement of the classical injective dimension and shares some of its nice properties. One can also consider the Gorenstein injective dimension as the dual notion to the Gorenstein dimension introduced by M. Auslander [1] . In this note we try to generalize some of the classical results on injective dimensions to Gorenstein injective dimension. First recall the following well-known theorem.
Theorem If (R, m, k) is a commutative local noetherian ring then R is regular if and only if the injective dimension of k is finite.
Enochs and Jenda poved that over a Gorenstein local ring, the Gorenstein injective dimension of every module is finite. Using the so-called Foxby duality, it has been proved that if the local ring R is Cohen-Macaulay and admits a dualizing module (i.e. a Cohen-Macaulay local ring which is the quotient of a Gorenstein local ring), then R is Gorenstein if and only if its residue field has finite Gorenstein injective dimension (cf. [4] ; 6.2.7). In this note we prove the same statement over an arbitrary noetherian local ring. On the other hand, recall the so-called Bass formula.
Theorem Let (R, m, k) be a commutative noetherian local ring. If M is a finitely generated R-module of finite injective dimension, then
In ([4]; 6.2.15) Christensen has proved the same formula for finitely generated modules of finite Gorenstein injective dimension over a Cohen-Macaulay local ring which admits a dualizing module. We improve his result and prove the generalized Bass formula over a noetherian local ring R provided dimR − depth R ≤ 1.
Convention. Throughout this note, (R, m, k) is assumed to be a commutative noetherian local ring with the maximal ideal m and the residue field k.
Characterization of Gorenstein local rings.
In this section we prove that finiteness of the Gorenstein injective dimension characterizes the Gorenstein local rings. First recall basic definitions and facts. For details and proofs cf. [4] . It is clear that every injective module is Gorenstein injective. Then one can construct a Gorenstein injective resolution for any module.
such that G i is Gorenstein injective for all i ≥ 0. We say that M has Gorenstein injective dimension less than or equal to n, Gid R M ≤ n, if M has a Gorenstein injective resolution
It is well-known that one always has
The equality holds if id R M < ∞. The Gorenstein injective dimension can be computed using Ext functors. We start with proving some preliminary lemmas.
Recall that for an R-module M , E(M ) denotes the injective envelope of M (cf. [3] ).
Lemma 2.4 Let φ : (R, m, k) → (S, n, l) be a local ring homomorphism of noetherian local rings and let M be a finitely generated S-module with finite injective dimension over R. Then
Since Ext t+1 R (C, M ) = 0 and Ext t R (k, M ) = 0 (cf. [2] ; 5.5) one has
and this proves the assertion.
Note that in 2.4 the finitely generated condition for M is necessary. For example let φ be the identity homomorphism over R. 
Proof. It is proved ([9]; 2.29) that for any R-module M with finite Gorenstein injective dimension we have
Now the assertion follows from 2.5.
Theorem 2.7 Let (R, m, k) be a noetherian local ring. The following are equivalent.
whereR is the completion of R in m-adic topology. Now using 2.7, we have idRR = Gid R k < ∞. We showed that if there exists a simple R-module of finite Gorenstein injective dimension then R is Gorenstein. Now it is natural to ask Question. What one can say about a ring R which admits a cyclic or a finitely generated module of finite Gorenstein injective dimension?
3 Bass formula.
Recall that if a finitely generated module over a noetherian local ring has finite injective dimension then its injective dimension is equal to the depth of the base ring. This is known as Bass formula. In ([4]; 6.2.5) Christensen has proved that over a Cohen-Macaulay local ring with a dualizing module, one can replace injective dimension with Gorenstein injective dimension. In this section we try to generalize this result. The main result of this section is the following theorem. 
In addition the equality holds if cmd R ≤ 1 and Gid R M < ∞.
Proof. If Gid R M is not finite, then the claim is obvious. Now let n = Gid R M be finite. We prove the theorem by induction on n. If n = 0, then M is a Gorenstein injective module and then there exists an exact complex
where Z I t is the t-th syzygy of I, we have Ext i R (T, M ) = 0 for all i > 0, and then rid R M = 0. If n > 0, then by ([9], 2.45), there exists a Gorenstein injective Rmodule G and an R-module C with id R C = Gid R C = n − 1, such that the following sequence is exact.
For any finite R-module T of finite projective dimension, we have the exact sequence
To prove the inverse inequality, note that since G is a Gorenstein injective module, there exists an injective R-module E and an exact sequence Proof. Note that the inequality rid R M ≥ 0 always holds. If M is Gorenstein injective then
Since width R M = 0 we have pM ⊂ mM = M for every p ∈ SpecR and then width R (p, M ) = 0. Therefore depth R = 0.
Let (R, m, k) be a noetherian local ring and let M and N be finitely generated R-modules. If id R N < ∞ then in [10] Ischebeck showed that
It is natural to ask whether one could replace N by a finite module of finite Gorenstein dimension. The answer is negative. If M has finite projective dimension then the above equality holds for every finitely generated R-module M . Now let R be a Gorenstein local ring which is not regular. Let k be the residue field of R. One has pd R k = ∞ and then sup{i | Ext i R (k, k) = 0} = ∞. But it is clear (cf. 2.7) that Gid R k < ∞. The following statement is a partial generalization of the Ischebeck's result in another direction. It proves the equality for an S-module M (not necessarily finitely generated) with depth R M = 0. Since Ext t+1 R (C, N ) = 0 and Ext t R (k, N ) = 0, we have Ext t R (M, N ) = 0 and then sup{i | Ext i R (M, N ) = 0} ≥ t.
The inverse inequality holds clearly. If M is finitely generated we use induction on depth R M to prove the desired equality. If depth R M > 0 then there exist an M -regular element x ∈ m. Using the long exact sequence induced by the following exact sequence, the equality can be proved from induction's hypothesis.
The following corollary of 3.4 is a generalization of Bass formula. The statement has been appeared in [11] , too. 
